We address the issue of finding a strategy to sustain structural profitability of an investment project whose production activity depends on the market price of a number of underlying commodities.
Introduction
To sustain structural profitability of an investment project or an industry whose production depends on the fluctuating market price of a number of underlying commodities, like energy e.g. crude oil, gasoline, electricity and coal, and metals like copper and aluminium etc., timing entry to a market and exit from it or when to start and stop the production process are crucial decisions. For example, there are industries where parts of the production process are temporarily shut down when e.g. fuel, electricity or coal prices are too high to be profitable to run it. In such a situation the human and material resources are reallocated to other tasks until the prices fall below a certain level for which it becomes profitable to restart the production again. Sometimes, when the fluctuating prices are such that the project remains non-profitable for a more or less long period of time, the manager is forced to definitely close the production activity i.e. parts of the investment project is bankrupt. Therefore, to sustain the profitability of the project, it is crucial to find a set of strategies in terms of optimal times for starting and stopping the production process. Another area with a similar type of dynamical decision schemes as the time and market conditions evolve, includes dynamic security design for an entrepreneur with limited liability to finance a finite horizon investment projects, due to agency problems -See Biais et al. (2006) . This type of recursive starting and stopping problems also called optimal switching problems attracted a lot of research activity, starting with the pioneering work by Brennan and Schwartz (1985) proposing a model for the life cycle of an investment in the natural resource industry and Dixit (1989) who considered a similar model, but without resource extraction -see Dixit and Pindyck (1994) and Trigeorgis (1996) for an excellent review, extensions of these models and extensive reference lists. Brekke and Øksendal (1991) and (1994), Shirakawa (1997) , Knudsen, Meister and Zervos (1998) , Duckworth and Zervos (2000) and (2001) and Zervos (2003) use the framework of generalized impulse control to solve several versions and extensions of this model, in the case where the decision to start and stop the production process is done over an infinite time horizon and the market price process of the underlying commodity is a diffusion process, while Trigeorgis (1993) models the market price process of the commodity as a binomial tree.
Hamadène and Jeanblanc (2007) consider a finite horizon starting and stopping problem assuming that the investment project does not face the risk of abandonment when being non-profitable, when the price processes are only adapted to the filtration generated by a Brownian motion. Hamadène and Hdhiri (2006) extend the set up of the latter paper to the case where the price processes of the underlying commodities are adapted to a filtration generated by a Brownian motion and an independent Poisson process. Carmona and Ludkovski (2005) suggest a powerful robust numerical scheme based on Monte Carlo regressions to solve the optimal switching problems addressed in Hamadène and Jeanblanc (2007) and apply it to energy Tolling Agreements.
Roughly speaking a strategy in the starting and stopping problem with abandonment risk has two components. The first one is a sequence of increasing stopping times (τ n ) n≥1 where the manager decides to switch the production from a mode to another. The second component is a stopping time γ where the production is definitely stopped. Therefore, we have τ n ≤ τ n+1 ≤ γ ≤ T, n ≥ 1, where T is the horizon of the problem. The case when γ < T corresponds to the situation where the manager of the unit chooses deliberately to stop the production because this latter became structurally non profitable.
When a strategy δ = ((τ n ) n≥1 , γ) is implemented, the yield is given by a quantity J(δ) which integrates the profit of producing the commodity and the costs of switching from a mode to another as well as abandonment costs. Therefore the problem is to find a strategy δ * which maximizes the yield J(δ). The quantity J(δ * ) = max{J(δ), δ strategy} is then the maximum expected profit of producing the underlying commodities.
Within this framework, risk of abandonment has not been included in the models discussed in the papers by Hamadène and Jeanblanc (2007) , Hamadène and Hdhiri (2006) or Carmona and Ludkovski (2005) . The novelty of this paper is that we show that including the risk of abandonment in the finite horizon starting and stopping problem, makes the search for an optimal strategy highly nonlinear. For example, when the market price of the underlying commodities is a diffusion process, we prove that these optimal strategies are related to a system of variational inequalities with inter-connected obstacles, for which very few regularity results are known in the literature. Thus, including the risk of abandonment makes the search for such an optimal strategy highly nonlinear and not a trivial extension of the previous papers at all.
The switching model with risk of abandonment we propose in this paper seems new and the probabilistic approach based on the notion of the Snell envelope of processes and related systems of reflected backward stochastic differential equations, we apply to this model, is general and can be applied to more complex structures. It also allows for weaker regularity assumptions on the data of the problem compared with the existing literature on the subject (cf. [11, 25, 16, 12, 2, 3, 4] ).
The main result of this paper is to show existence of an optimal strategy for our problem. When the market price of the underlying commodities is a diffusion process and the switching costs are constant, we are able to show that this problem is related to a system of variational inequalities with inter-connected obstacles. We also provide a viscosity solution for this system of inequalities. When the switching costs are nonconstant, e.g. deterministic functions of the market price (making the obstacles state-dependent), proving the continuity of these viscosity solutions remains open.
We start by giving a Verification Theorem and show that our problem turns into the existence of a pair of continuous adapted processes (Y 1 , Y 2 ) that satisfies a system expressed by means of Snell envelopes, where, Y 1the switching costs are constant, Y 1 = v 1 (t, X t ) and Y 2 = v 2 (t, X t ), where the deterministic functions v 1 (t, x) and v 2 (t, x) are viscosity solutions of a system of two variational inequalities with inter-connected obstacles. This system of variational inequalities is in fact a deterministic version of the Verification Theorem when the underlying dynamics of the price processes is Markov. To make the exposition of the paper easy to follow, we preferred not include a quite involved section on simulations and numerical solutions to our optimal starting and stopping problem. It will appear elsewhere.
In our model all the underlying processes such as the price processes of commodities are adapted to the filtration generated by a Brownian motion to insure the continuity of the local martingales related to the decomposition of the Snell envelope processes and to use results by El Karoui et al. (1997) in Section 5 below, without making any further technical adjustments to allow for jumps in the model. But, the framework can be extended to the case where the underlying processes are adapted to a filtration generated by a Brownian motion and an independent Poisson process, to allow for jumps (see Hamadène and Hdhiri (2006) ).
The paper is organized as follows. Section 2 is devoted to the formulation of the starting and stopping problem under consideration. In Section 3 we establish a Verification Theorem and construct an optimal strategy. Section 4 is devoted to a proof of the existence of the pair (Y 1 , Y 2 ) by using an approximation scheme for systems of reflected backward SDEs. In Section 5, we study the case where the process X is an Itô diffusion. We show that the starting and stopping problem is related to a system of two variational inequalities with inter-connected obstacles.
2 Assumptions, formulation of the problem and preliminary results Throughout this paper (Ω, F, P ) will be a fixed probability space on which is defined a standard ddimensional Brownian motion B = (B t ) 0≤t≤T whose natural filtration is (F 0 t := σ{B s , s ≤ t}) 0≤t≤T . Let F = (F t ) 0≤t≤T be the completed filtration of (F 0 t ) 0≤t≤T with the P -null sets of F, hence (F t ) 0≤t≤T satisfies the usual conditions, i.e., it is right continuous and complete. Furthermore, let: 
The problem mentioned in the introduction can be formulated as follows. The production activity of the investment project, under a time interval [0, T ], can be either "on/open" indicated by 1, "off/closed" indicated by 0, or "definitely closed/abandoned" indicated by †. We assume w.l.o.g. that at the initial time t = 0 the production is in mode 1. The management strategy of the project consists of:
• An increasing sequence of F-stopping times (τ n ) n≥1 (i.e. τ n ≤ τ n+1 ) where the manager decides to switch the activity from a mode to another. Here, for any n ≥ 1, τ 2n (resp. τ 2n−1 ) is the instant where the activity is switched to mode 1 "on/open" (resp. mode 0"off/closed"). On (τ 2n , τ 2n+1 ] the activity is in mode 1 and on (τ 2n+1 , τ 2n+2 ] it is on mode 0.
• An F-stopping time γ, which satisfies τ n ≤ γ, n ≥ 0, at which the manager decides to definitely stop the production. The activity is then switched to the mode †.
The sequence of stopping times δ := ((τ n ) n≥1 , γ) is called a strategy for our starting and stopping problem.
It is called admissible if it satisfies:
and the set of admissible strategies is denoted by D a . 2
Next let us make precise the structure of the production of the investment project. Let (i) u t be an indicator of the production activity being either on the mode 1 or 0, at time t ∈ [0, T ] when a strategy δ := ((τ n ) n≥1 , γ) is implemented. It is given by
) be two positive stochastic processes of S p . The closing (resp. opening) cost of the production at time τ 2n−1 (resp. τ 2n ) is given by 1 τ 2n−1 (resp. 2 τ 2n ). We assume that there exists a real constant C > 0 such P-a.s. for any 0 ≤ t ≤ T , min{ 1 t , 2 t } ≥ C. This assumption means that switching from a mode to another costs at least C.
(iii) (F t ) 0≤t≤T be a non-positive continuous process of S p . It gives the cost of abandonment of the production at γ which amounts to F γ .
(iv) (ψ 0 (t)) 0≤t≤T and (ψ 1 (t)) 0≤t≤T be two stochastic processes of M p,1 . The profit per unit time dt when the plant is in state (t, 0) (resp. (t, 1)) is equal to ψ 0 (t)dt (resp. ψ 1 (t)dt). This profit can be a loss (negative) as well. Such a situation occurs when the price has gone below the running costs. Denote
Then the expected total profit of running the plant with the strategy δ := ((τ n ) n≥1 , γ) is given by:
We can now formulate the starting and stopping problem with abandonment risk as follows. 
Problem 1 Find a strategy
Hereafter the set of finite strategies will be denoted by D. The next proposition tells us that the supremum of the expected total profit can only be reached over finite strategies.
Proposition 1
The suprema over admissible strategies and finite strategies coincide:
We finish this section by introducing the key ingredient of the proof of the main result, namely the notion of Snell envelope and some its properties. We refer to Cvitanic and Karatzas (1996) , El-Karoui 
The Snell Envelope
In the following proposition we summarize the main results on the Snell envelope of processes. (i) For any F-stopping time θ we have: Proof of (iii): Since, for any n ≥ 0, U n converges increasingly and pointwisely to U , it follows that for
, since it is a limit of a non-decreasing sequence of supermartingales (see e.g. Dellacherie and Meyer (1980) , pp.86). But U n ≤ Z Un implies that
A verification Theorem
In terms of a verification theorem, we show that Problem 1 is reduced to the existence of a pair of processes (Y 1 , Y 2 ) solution of a system of Snell envelopes. The process Y 1 t (resp. Y 2 t ) will stand for the optimal expected profit if, at time t, the production activity is on/open (resp. off/closed). To see this, let τ be a stopping time and (ζ t ) 0≤t≤T , (ζ t ) 0≤t≤T two continuous F t -adapted and IR−valued processes.
Hereafter we set
We have the following 
Then Y 1 and Y 2 are unique. Furthermore,
(ii) Define the sequence of F-stopping times (τ n ) n≥1 as follows.
elsewhere,
elsewhere, and for n ≥ 1,
elsewhere.
Finally, let γ * = sup n≥1 τ n . Then, the strategy
Proof. For any 0 ≤ t ≤ T ,
The random variable Y 1 0 being F 0 -measurable, it is then is P -a.s. constant i.e.
. On the other hand, according to (2.6), the stopping time τ 1 is optimal. Thus,
But,
Therefore,
However,
and
. Now, repeating this argument as many times as necessary we get
(3.4)
But, since Y 1 ∈ S p , using the same arguments as in the proof of Lemma 1, the strategy δ * is finite.
Finally, letting n → +∞ in (3.4), we obtain
, γ) be a finite strategy. According to (2.6) the stopping time τ 1 is optimal. Thus, we have
On the other hand from the definition of Y 2 we have
This yields the inequality
Therefore, we have
where (u s ) s≤T is the indicator process associated with the strategy δ. Now repeating this argument as many times as necessary we obtain for any n ≥ 0,
(3.5)
Since the strategy δ is finite then the right-hand side of (3.5) converges to J(δ) as n → ∞ since
which implies that the strategy δ * is optimal.
Finally, we establish uniqueness of the pair (Y 1 , Y 2 ) that satisfies (3.1). Indeed, let t ∈ [0, T ] and D t be the set of admissible strategies δ = ((τ n ) n≥1 , γ) such that τ 1 ≥ t, P -a.s. Then, using the same arguments as above to characterize Y 1 0 , we have P -a.s. ).
We will now establish existence of the pair (Y 1 , Y 2 ). It will be obtained as a limit of a sequence of càdlàg processes (Y 1,n ) n≥0 and (Y 2,n ) n≥1 defined by means of the Snell envelope notion as follows:
and for n ≥ 1,
In the next proposition we collect some useful properties of Y 1,n and Y 2,n .
Proposition 2 (i) For each n ≥ 1, the processes Y 1,n and Y 2,n are continuous and belong to S p and verify, for all t ≤ T ,
(ii) The sequences (Y 1,n ) n≥1 and (Y 2,n ) n≥0 converge increasingly and pointwisely P-a.s. for any 0 ≤ t ≤ T and in M p,1 to càdlàg processesỸ 1 andỸ 2 respectively. Moreover, these limit processes
Proof. Since the process (F t ) 0≤t≤T is continuous and belongs to S p and F t ≤ 0, it follows that, thanks 
and ((−
, have a non-negative jump at T and belong to S p . Now, for t ∈ [0, T ], let D t,n be the set of admissible strategies δ = ((τ k ) k≥0 , γ) such that τ 1 ≥ t and τ 2n+1 = γ, P-a.s. On the other hand for δ ∈ D t,n , set
where (u t ) 0≤t≤T is the underlying indicator process associated with the strategy δ. It holds true that the process Y 1,n satisfies the following property:
(4.9)
Indeed, consider the following sequence of stopping times:
) and τ
and for k = 2, . . . , n,
] and τ 2k−2 t elsewhere;
] and τ 2k−1 t elsewhere.
Finally, set
Let δ * denotes the (necessarily finite) strategy ((τ k t ) k=1,n ; γ). In the same way as shown in the proof of Theorem 2, we have for any 0 ≤ t ≤ T ,
and by Eqs. (4.5)-(4.4)
for any admissible strategy δ which belongs to D t,n . This yields (4.9).
We now show the convergence of the sequences (Y 1,n ) n≥1 and (Y 2,n ) n≥0 . Since D t,n ⊂ D t,n+1 , then using (4.9) we have P -a.s., Y
for any 0 ≤ t ≤ T . As the processes Y 1,n are continuous then we also have P -a.s., Y 1,n+1 ≥ Y 1,n . On the other hand, for any 0 ≤ t ≤ T and for any δ ∈ D t,n , we have
time. Moreover we have:
since F and 1 are continuous and the jumps ofỸ 1 are negative. In the same way we have: HereafterỸ 1 (resp.Ỹ 2 ) will be simply denoted Y 1 (resp. Y 2 ).2
Proposition 3 It holds true that, for
Proof. Using Proposition 2, it holds that P -a.s., for any n ≥ 1, the function t → Y 
where the functions b and σ, with appropriate dimensions, satisfy the following standard conditions:
There exits a constant C ≥ 0 such that
for any t ∈ [0, T ] and x, x ∈ IR k . These properties of σ and b imply in particular that the process (X t,x s ) 0≤s≤T solution of (5.1) exists and is unique. Moreover, the infinitesimal generator A associated with the SDE (5.1) is
One can think of the process X t,x as factors which determine the price of the commodity in the market.
The following estimates hold true (see e.g. Revuz and Yor (1991) for more details).
Proposition 4
The process X t,x satisfies the following estimates:
(ii) There exists a constant C such that for any t, t
Let us now introduce the following assumption on the data of the problem.
Assumption [H]
(1) The processes 1 and 2 are constant, i.e. 1 t (ω) ≡ a and 2 t (ω) ≡ D where a and D are positive real constants.
(2) The non-positive process F and the processes ψ i , i = 0, 1 (of Subsection 2) are deterministic functions of X t,x , i.e.,
for some deterministic functions F and ψ i jointly continuous. Moreover, they are of polynomial growth, i.e., there exist some positive constants C and q ≥ 1 such that:
Note that the estimates of X t,x in Proposition 4 and Assumption [H]- (2) imply that the processes
We now consider the following system of two variational inequalities:
where A is the infinitesimal generator given by (5.3) . This system is the deterministic version of the Verification Theorem (Theorem 2) in the Markovian framework.
Let now (Y 
The proof of the theorem will now be done in four steps.
Step 
Now, the polynomial growth of ψ 1 and F , and the estimates of Proposition 4 imply the existence of two positive constants C and q 0 ≥ 1 such that: is a deterministic continuous function satisfying (5.8) . It follows that the property is also valid for n + 1 and then it is true for any n. 2
Step 2: There exist two deterministic functions, v 1 
